Math 2

Lecture 6
Basic integration techniques

Trigonometric Substitution

—



Objectives

I. Calculating integrals involving [z 2

2. Calculating integrals involving \a? + x2

3. Calculating integrals involving x? — a2

4. Study further extensions of the
above cases
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Integrand L .
J . Substitution ldentity used
contains:
Jaz—x? | x=asing, -n/2<0<xl2 |1-sin®f=cos*d
\/a2+x2 X=atanf, -a/l2<0<nl2 |1+tan’O=sec?d
\/Xg_az X=asecHd, 0<6O<nl?2 sec26’—1:tan26’
or 71<6<3rl2
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az—xz

x=asin @

NV a? — x> =a cos @

X = qatan @

Va?+x*=g sec 0
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x=asecé

VaZ-2-atand




| I:jxdx|

Let x=3sIind = dx =3cos&l @
\/9—x2 :\/9—9sin29 —34/c0s% 0 =3c0sd
sl = jx3\/9— X2 dx = j27sin39.30059.3cosﬁd9: 1243cos2 0.sin> &g

= 243jcos2 6.(1- cos? &)sina&d o
Letu=cosd = du=-sinadd

sl = —243ju2(1—u2)du = —%ﬁ +?u5 +C

=—ECOS39+ECOSSQ+C
3 5 3 i
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but cos@ = I—X 0
9 — x2
2 3 / 2 >
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.-.I:—S{ 93X ] +223( 93X ] +C 9-x® =3coséd




A=4 a“ — Xx“dx ) 5
r ] 2L
b2

Va2 — x2 b a

Let x=asiné@ e s 6
X=0=>sin@=0=0=0 N “

X=a=sInf=1=>0=rx/2

712 7l2 5
.A=4 | (—)acosf.acosédd=4ab [ cos”&do
0 4 0

72./21 1 l?2
=4ab | §(1+c0329)d9:2ab(6’+§sin26’j = 7ab
0 0
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Can you use hyperbolic

=]

let x=2tan @ = dx = 2sec 20d 8

AlA+ xXP =

Ja+4tan 20 = 2+/sec 26 = 2sec O

- l12<60<7xl2=5se >0
2
'.Izj 1 dx:J 225e06?
xz«/4+x2 4 tan 4923ec9
1 1 cosH
| = — . —
410059 sin2 Ism2
Let u=sin 8 = du = cos 6dd
'.I=—_[du=_11 :—1_1 LC
4 sin 6
|:—41\/4+x e

substitution?
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I:j@x,a>0

Let x=asecd = dx=asecftan& g

“Ax2—a? =+a?sec?20—a? =a+tan? 6 = atand

2

dx =

a’secc Otand

do=a’[sec’ o

RN NIy atané
2

I :7[sec6’tan6+ Injsecd +tand|] +C |_<

2 2 2
a X —a X
— [\/ ; -|-|n

Jx2—a? X
_I_

x=asecl

2 a a a

1+C
a
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3—2x— X% =—(X% +2x—3) = (x+1)2+4:4—(x+1)2
Letu=x+1=du=dx X=

Now let, u=2sind = du=2cos&&

1 =29 5 osain = [(25in0—1)d0 = —2c0s0— 0+ C
2C0sH

1 =—/4-u® —sin 1(2)+C —\/4 (x+1)? —Sln_l(lej-FC
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|:j X__ldx
X+

I_I X+1 dx=]

X—1

\/(x+1)(x 1)

—/x%—1—cosh ™

VX 1d _I\/ -1 /X 1
VX+1 «/x+1 v X 1
dx=[—~ L ax— |

X2 -1 x%_1

X+C

X—1

\/X+1\/x—1

dx—|

1

x—l

dx

dx

= [x(x* =1 2dx—cosh x = EI (x* -1 2(2x)dx—cosh ™ x
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|:J' X;de
X+4

Jx—2 JX—=2 Jx=2 X—2

X—2
I_I_;:ZdX_J X 4dX_IJx+47Jx—2dX_JVKx+4XX—2)dx
X—2 X—2 u-—3

= dx= dx=
j\/x2+2x—8 I\/(x+1)2—9 I\/u2—9

o u 3 dx
Ju? -9 Vu? =9
=\u?-9 -3 . dx

u2—9

dx, u=x+1

dx—|

= \/ X% +2X—8 — 3cosh_1(%) = \/ X% +2X—8 — 3cosh‘1(XT+l) +C

-




