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Reduced Order Observer

In previous lectures, we estimated x,(k) [position] and
x,(k) [velocity].

If an accurate measurement of a state is available, it is not
reasonable to estimate it

We need to estimate only the remaining states.

The resulting observer is called a reduced-order observer.

If the measurements are relatively inaccurate, the full-
order observer may yield better results.



Reduced Order Observer



» We will partition the state vector as

xa(l)
X(K) = [xb (k)

Where: x, (k) : measurable states (known states)
X, (K) : unmeasurable states (unknown states to be estimated)

X(k+1) = A x(k) + Bu(k)

y(k) = Cx(k)
» The plant state equation can be partitioned as
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The equations for the measured states can be written as
X3 (k+1) _Aaa a(k) +Aab Xb(k) * B Ll(k)

X, (k+1) - A, %,(K) - B, u(k) = A, x,(k)
The equations for the estimated states are
X, (k+1) = Ay, X,(k) + App Xp(K) + B, u(k)
X, (k+1) = Ay x,(K) + [Ay, X,(K) + By u(K)/

The term [A,, x,(k) + B, u(k)] is then considered to be the
"known inputs.”



» Compare the state equations for the full-order observer
to those for the reduced order observer:

X(k+1) = Ax(k) + Bu(k)
Xp (K+1) = Ay, x,(K) + Ay, x,(K) + By u(k)

y(k) = Cx(k)
Xa (k+1) B Aaa Xa(k) ) Ba U(k) — Aab Xb(k)
By Analogy

Full order Reduced order
X(k) Xp(K)

Bu(k) Ay X,(K) + By u(k)
yk) X, (kt1)- A, Xy(K) - B, u(k)
C A,



= [f we make these substitutions into the full-order
observer equations

qlk+1)=(A-GC)q(k) + Gy(k) + Bu(k)

» we obtain the equations

gy (k+1) = (Ay, - GA,) q,(K) + G [x, (k+1) - A,,
x,(1) - B, u(k)] + Ap, x,(K) + B, u(k)

* Replacing x,(k) — Y(k) the equation can be
written as

qp (k+1) = (A, - GA,) qp(K) + GY(k+1) +[ Ay, -
G Aaa ]Y(k) +[Bb -GBa] U(k)



* The reduced order observer c/cs eqtis
oCc (A)=]Z1- Ay + GA,| =0
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using Ackermann’s formula:
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= Control low

o] xa (k)
a9 =k [ | =T Rl |40

= - k; x, (k) - ky, (k)
u(k+1) =-k, x, (k+1) -k, q,,(k+1)

* The transfer function D_,(z)of the digital
controller

U
Dee (z) = TS): Ki+ Ky, [Z; = Ay, + GA, + (By -

GBa)kb]-1 . [GZ + {Aba - GAaa - kl(Bb - Gba)}]



Example



Consider the design of the system

1 0.0952 0.00484
x(k+1) = [0 0.905 ] x(k) + [ 0.0952 ] u(k)

The measuring state is X, (k), and we will estimate state is X, (k).
The closed-loop system characteristic equation is

«_(Z)=7%-1.776Z + 0.819 =0

As in previous Example chose the estimator characteristic-
equation roots to be at z = 0.8109.

The reduced-order observer is first order is

«, (Z) =Z - 0.819



* From the plant state equations, the partitioned
matrices are seen to be

A,=1 A, =0.0952
A,=0 A, =0.905
B, = 0.00484 B, = 0.0952

-Aab_ -
G =, (Ayp) [1]

<, (Ay,) = A, -0.8191=0.905-0.819 = 0.086

G =0.086 * (0.0952)1*1=0.903



* The reduced order observer equation is

qp(k+1) = (A, - GA,p) qp(K) + G Y(k+1) +[ Ay, - GA,, [Y(K)
+/B, -GB.] u(k)

=0.819q, (k) + 0.903 Y(k+1) - 0.903 Y(k) + 0.0908 u(k)

* Here g, (k)is the estimate of the state x,(k).

« g,(k)=0819q,(k-1) + 0.903y(k)- 0.903 y(k- 1) +
0.0908 u(k- 1)

" g(k)is the estimate at the present time



* From a previous example the control law is given by
ulk)=-452y(k)- 1.12 x, (k)

which is implemented as
ulk)=-452x,(k)- 1.12 q, (k)

Hence we can write the observer equation as

g, (k+ 1) = 0.819q, (k) + 0.903y(k+ 1) - 0.903y(k)
+0.0908[ -4.52y(k) - 1.12q, (k)]
Or
g, (k+1)=0717q, (k) + 0.903 y(k + 1) - 1.313 y (k)

and
g, (k)= 0717 q,(k-1) + 0.903 y(k)- 1.313 y(k- 1)



~U
Dee (2) = Y(S):KNLKb [Z;= Ay, + GAy + (B - G

Ba)kb]-] . [GZ . {Aba - GAaa _kj(Bb - Gba)}]

=4.52+1.12/z-0.905 + (0.903)(0.0952) +
{0.0952 - (0.903)(0.00484)}1.12]+

.{0.903 z+ [0 - (0.903)(1) - 4.52{0.0952 -
(0.903)(0.00484) 3}

1.12(0.903z —1.314) 553z—4.71_
z—0.717 - z—0.717
 5.53(z— 0.852)
- z—0.717

=452 4




End Of Lecture



