Forward (Direct) Kinematics



Kinematics
formulation and parameterizations

r—ﬂm
DIRECT TASK
JOINT (Cartesian)
- INVERSE space
- (qlr---:qn) T f l(r) r= (rlf---rrm)

= choice of parameterization g

= Unambiguous and minimal characterization of the robot configuration

= N = # degrees of freedom (dof) = # robot joints (rotational or
translational)

= choice of parameterization r

= compact description of positional and/or orientation (pose)
components of interest to the required task

= M < 6, and usually m < n (but this is not strictly needed)



Open Kinematic Chains

d; Gh RFe
“_::‘ q4 "
ql C|3 i. = (rlr---rrm)
\ e.g., the relative angle e.g., it describes the
between a link and the pose of frame RF;
following one

s m=2
= pointing in space
= positioning in the plane
s mMm=3
= orientation in space
= positioning and orientation in the plane



Direct Kinematic Map

= the structure of the direct kinematics function
depends from the chosen r

r =f(q)

= methods for computing f.(q)
= geometric/by inspection

= systematic: assigning frames attached to the robot
links and using homogeneous transformation matrices



Numbering Link and Joints
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d = translation along joint axis
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Relation Between Joint Axes

axis of joint i axis of joint i+1

common normal
(axis of link i)

with sign

a ; = twist angle between joint axes (pos/neg)

a . = distance AB between joint axes (always well defined) }
[projected on a plane & orthogonal to the link axis]



Relation Between Link Axes

axis of joint i

link i-1

link i

axis of link i-1 axis of link i

with sign

0 ; = angle (a variable if joint i is revolute) between link axes  [(pos/neg)!

d . = distance CD (a variable if joint i is prismatic) }
[projected on a plane o orthogonal to the joint axis]



Frame Assignment
by DenavitHartenberg(DH)

joint axis joint axis joint axis
i-1 | i+1
link i-1

(}i_1
common normal
to joint axes
axis around which the link rotates iJand i+1

or along which the link slides



DenavitHartenbergParameters

axis of joint axis of joint  _ axis of joint
i- —— - '
-1 - -~ link i ~ s I+1
- link i-1 o
— |
z. [

= unit vector z along axis of joint i+1

= unit vector x; along the common normal to joint i and i+1 axes (i — i+1)

= a = distance DO, , positive if oriented as x; (constant = “length” of link i)

s d. = distance O, D, positive if oriented as z_; (variable if joint i is PRISMATIC)
s o, = twist angle between z_, and z around x; (constant)

= 6. = angle between X, ; and x, around z_, (variable if joint i is REVOLUTE)



= frame,: origin and x, axis are arbitrary

s frame,: z_ axis is not specified (but x, must be
orthogonal to and intersect z_,)

= when z_, and z are parallel, the common
normal is not uniquely defined (O, can be
chosen arbitrarily along z)

= when z_, and z are incident, the positive
direction of x; can be chosen at will (however,
we often take x;, = z_; x z)



* arotation about the z,_, axis by the angle between the links @.),
* atranslation along the z,_, axis of the distance between the links (d,),

* atranslation along the x, axis (rotated x,_, axis) of the length of the
link (7)),

® arotation about the x, axis of the twist angle (o).

A, = Rot(z #)Trans(0,0,d)Trans(/, 0, 0)Rot(x, &)
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Homogeneous transformation
between DH frames (from frame_; to frame,)

= roto-translation around and along Zi-q

HA (q) =

rotational joint = q; =
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prismatic joint = q; = d.

= roto-translation around and a
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Denavit-Hartenberg matrix

compact notation: ¢ = cos, s = sin



joint -t joint] joint i+ 1

(a) Standard form

joint -1 j‘”:“ i Joint i+

Ay 4 \

{b) Modified form

Figure 8: Different forms of Denavit-Hartenberg notation.



For the standard Denavit-Hartenberg conventions the homogeneous transform

" cos®; —sin®jcosey  sin®;sinc;  a@jcosO; |
1A, = sin@;  cosfjcose;  —cos6;sinay;  a;sin®;
0 sin ¢t COS O, d;
0 0 0 .

represents each link’s coordinate frame with respect to the previous link’s coordinate system. For a

revolute joint 0; is offset by

For the modified Denavit-Hartenberg conventions it is instead
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Direct kinematics of manipulators

description “internal” _ =" " ST Ye+— slide s
to the rubg!_: -
”
7 using:
z.+— approach a
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e alternative descriptions of robot direct kinematics
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Typical link configurations
connecting revolute joints.
(a) Type 1 link: parallel
revolute joints with no twist
betwedn joint axes;

(b) Type 2 link: parallel
revolute joints with 80
degrees twist between joint
axes;

(c) Type 3 link: revolute
joints with intersecting axes
- axes are perpendicular,
(d) Type 4 link: revolute
joints with perpendicular
axes — coordinate frame
origing coincide.



Example: SCARA robot




Step 1: joint axes

all parallel
(or coincident)

|

twists o.; =0
or @

Bl L]

J3 prismatic

I —
J4 revolute

J2 elbow



Step 2: link axes

the vertical “heights”

of the link axes
are arbitrary

(for the time being)




Step 3: frames
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are not shown = -
(and not needed; ; : X,
they form I X
right-handed frames) : Xy 2
: 1 Z, = a axis
1 (approach)



Step 4: DH parameters table

note: d; and d, could have been chosen = 0!
moreover, here itisd, < 0 !!






