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Abstract__ This paper presents analytical and 

experimental performance and control of a three-
phase induction motor fed from a single-phase supply 
via a single capacitor. The transient and steady state 
analysis are predicted using d-q model representation 
whose frame is chosen stationary. The value of 
capacitance to provide minimum unbalance ratio is 
theoretically calculated and is experimentally 
implemented using Fixed Capacitor-Thyristor 
Controlled Reactor (FC-TCR) scheme applied for 
large induction motors. The speed is controlled using a 
TRIAC coupled in series with the supply. The 
dynamic model is introduced and both simulated and 
experimental waveforms are predicted. This is applied 
for a fractional horsepower fan drive.  
 
List of symbols 
Rs , Rr   : stator and rotor resistances 
M , Ls , Lr  : mutual and stator and rotor self inductance    
ids , iqs   : instantaneous d-q stator currents  
idr , iqr   : instantaneous d-q rotor currents 
vds , vqs   : instantaneous d-q stator voltages 

vdr , vqr   : instantaneous d-q rotor voltages 

vas, vbs, vcs  : instantaneous abc stator voltages 
vs ,vc   : supply and capacitor voltages 
is  , ic   : supply and capacitor currents 
s , ωs , ωr  : slip. synchronous and rotor speeds 
P , J   : no. of poles and moment of inertia 
p , j   : differential and complex operators 
Xc , C   : balance reactance and capacitance 
TL , Te   : Load torque and motor developed torque 
Vs , Is   : RMS supply voltage and current 
Vds , Vqs   : RMS d-q stator voltages 
Iqs , Ids   : RMS d-q stator currents 
Iqr , Idr   : RMS d-q rotor currents 
α , dt   : delay angle of the thyristor and time step 
Lα , Cα   : inductance and capacitance of FC-TCR 
iL    : current in inductance Lα 
UR%   : minimum unbalance ratio 

Ps , PL  : instantaneous supply and FCTCR power 
Φs    : supply voltage and current phase difference 
 

I. INTRODUCTION 
  
Three-phase induction motor (IM) may be operated from 
a 1-ph supply according to the available supply. Many 
researches have been carried out to explain and analyze 
this operation [1-6]. However, in many industrial 
applications, a variable speed output from 3-ph induction 
motor is necessary with minimum unbalance operation. 
This paper presents a transient and steady state analysis 
using d-q model representation for a 3-ph IM fed from a 
1-ph ac supply via one capacitor as shown in fig. (1-a). 
The effect of the capacitor on the performance is studied. 
The Fixed Capacitor-Thyristor Controlled Reactor (FC-
TCR) scheme is implemented to ensure minimum 
unbalance ratio. This is better applied for large induction 

motors where the acoustic noise and motor efficiency are 
considered. Also, the speed control of a fractional hp fan 
drive using a traic in series with the supply is presented. 
 

II. ANALYSIS AND DYNAMIC EQUATIONS 
 The equations describing the performance of the 
machine shown in fig. (1-a) can be derived using d-q 
model representation where d and q axes are chosen 
stationary in space.  
Transformation from 3-ph abc to dq variables may be 
written as [7]: 
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where variable X represents current or voltage. The 
voltage-current relations for stator and rotor dq phases are 
derived from basic principles and given by [7]: 
 [ ] dqdqdq vLpi 1−=                                          (2) 
where  
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From the connection and phase diagram of fig (1-a), it is 
seen that: 
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Substituting by (1) into (3) and rearranging, yields: 
 sds vv =                                                 (4) 

qsc i
C

pv 3=                                            (5) 
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Moreover, the instantaneous electromagnetic torque, can 
be expressed in terms of d-q stator and rotor currents as : 

( )qsdrdsqre iiiiMPT −
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The mechanical equation of the machine is given by: 
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Equations (2) and (4) to (9) represent the dynamic model 
of the machine. Knowing the supply voltage, capacitance 
and load torque and assuming zero initial condition for 
speed, capacitor voltage and dq currents, the transient 
response of the machine can be predicted. 
 

III. STEADY STATE ANALYSIS 
 

 The dynamic model derived in section (II) may also 
predict the steady state analysis of the machine as shown 
in fig. (1-b) by substituting (1-s)ωs for ωr and �j� for �p�. 
This can be written as: 
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Having got the d-q currents and voltages for a given 
operating condition consisting of supply voltage, speed 
and capacitance, the abc phase currents and voltages can 
be calculated from (1). The average torque, TL and 
amplitude of double supply frequency oscillation torque, 
Tosc are derived from (8) and given by [8]: 
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The oscillation torque results in double frequency 
oscillation speed component 

 
IV. EFFECT OF CAPACITANCE ON PERFORMANCE 

 
It should be noted that the motor operates in an 

unbalanced mode. This means existence of double 
frequency pulsating torque in steady state. The choice of 

phase balancer capacitor may be analyzed to achieve 
minimum unbalance, minimum negative sequence voltage 
or zero negative sequence voltage, [9] or to achieve 
maximum output torque or maximum input power factor, 
[8] or to achieve minimum torque pulsation, [10]. In this 
analysis, the capacitor is choiced based on criteria of 
minimum unbalance ratio, UR% (negative sequence 
voltage component to positive sequence voltage 
component ratio), which is given by [11]: 
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In the steady state model, for a given operating 
condition consisting of supply voltage and speed, the 
capacitance is changed using a trial and error method and 
for each value of capacitance, the unbalance ratio is 
calculated. This is repeated until the capacitance Cmin-UR 
that results in minimum unbalance is evaluated. The 
relationship between speed and both corresponding value 
of capacitance Cmin-UR and the unbalance ratio ,which is 
then minimum, is shown in fig. (2-a) and (2-b) 
respectively. Fig. (2) shows the steady state performance 
of a ∆-220V, 2.2kW, 4-pole, 50Hz machine, run at 
minimum unbalance ratio. The dynamic model can 
validated to conclude the transient response by choosing 
an operating point as shown in fig. (3). The machine starts 
at no load with electromechanical torque and speed 
pulsations while the phases� emf is building up. When the 
load is applied, the machine runs with minimum speed 
and torque pulsations and phases voltages are nearly 
equal. It should be noted that if the load is changed, the 
capacitance needs to be changed to resume minimum 
unbalance ratio. 
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Fig. 1: (a) Connection diagram  (b) phasor diagram 
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Fig. 2 Relationship between speed versus (a) Cmin-UR (b) UR% (c) torque 
(d) RMS phase voltages  
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Fig. 3 Relationship between time versus (a) speed (b) torque and (c) 
phase voltages 

V. MINIMUM UNBALANCE RATIO USING FC-TCR  
 
As shown in fig. (2-a), a minimum unbalance ratio can 

be obtained by providing the required value of terminal 
capacitance for each speed. This is not practically 
important for small motors but useful for large motors 
where efficiency and acoustic noise occurred by the 
double supply frequency oscillations torque are 
considered. A smooth variation of capacitance can be 
obtained by using static exciter employing a Fixed 
Capacitor-Thyristor Controlled Reactor (FC-TCR) 
scheme, [12] as shown in fig. (4). If the reactance factor, 
which is the ratio between inductive to capacitive 
reactance is �u�. Therefore, the value of the inductor, Lα is 
related to the maximum capacitance required, Cα and the 
factor, u is given by: 

α
α ω

ω
C
uL
s

s =           (13) 

The lagging current taken by the inductor can be 
controlled smoothly by varying the delay angle of the 
traic, α, where (0≤ α ≤ π/2) with respect to peak value of 
the capacitor voltage [12]. The effective value of the 
variable capacitance provided by the exciter is therefore 
given by: 

( )( )



 −−−=− ααπ

πα 2sin211min u
CC UR           (14) 

Therefore, Cmin-UR changes from Cα (1 - 1/u) to Cα as the 
angle, α changes from 0 to π/2 respectively. To conclude a 
simulation of this drive, the model is derived both when 
the traic is on (ON-STATE) and when it is off (OFF-
STATE) as follows. 
 
A. ON-STATE OF FC-TCR DRIVE 
 This period starts when a gate pulse is applied to the 
traic at a delay angle, α, with respect to peak value of 
capacitor voltage and continues up to π-α and repeats 
during the other half cycle during which the traic is on. 
The motor equations are as follows. 
 csbsLc iiii −=+                                       (15) 
Substituting by (1) into (15), yields: 
 Lqsc iii −= 3                                             (16) 
Also it seen that: 

αL
vpi c

L =                                                           (17) 

 
B. OFF-STATE OF FC-TCR DRIVE 
 This period continues between π-α up to π+α and 
repeats in the other half cycle during which the TRIAC is 
off. The equations during this period resemble those of 
section (II). 
 
C. SIMULATION AND RESULTS 
 For the 2.2 kW motor, and as shown in fig. (2-a), as 
the speed changes from 1350 rpm to 1500 rpm, the 
capacitance Cmin-UR changes from 170 µF to 19 µF. 
Therefore, the capacitance, Cα is taken 170 µF and 
consequently, the inductor Lα and the reactance  factor, u 



 

 

will be 67 mH and 1.126 as calculated from (13) and 
boundary limits of (14) respectively. The model of this 
drive can be predicted as shown in the flow chart of fig. 
(5) and the results are shown in fig. (6) and (7). The motor 
is started at no load and then the load is applied at time, t1 
during which the machine runs in an unbalanced mode. 
The firing delay angle of the FC-TCR is adjusted at time, 
t2, as shown in fig. (6) to obtain minimum unbalance 
ratio. This can be noticed from the motor speed and 
torque waveforms. The steady state waveform of 
capacitor current and voltage after time t2 is shown in 
fig.(7).  
 

VI. SPEED CONTROL OF THE MACHINE 
 

Varying the supply voltage results in controlling the 
speed of the induction machine. This can be achieved 
using a traic as shown in fig. (8). Varying the delay angles 
of the traic effectively changes the applied voltage to the 
machine. A closed loop control circuit has little practical 
importance. However, for a fractional horsepower fan 
drive, an open loop speed control may be used. To predict 
the machine performance, the model of the machine is 
derived both when the traic is on (ON-STATAE) and 
when it is off (OFF-STATE) as follows. 
 
A. ON-STATE OF SPEED CONTROL DRIVE 
This period starts when a gate pulse is applied to the traic 
at a delay angle, α, with respect to zero crossing of supply 
voltage positive half cycle up to π but due to inductive 
nature of the motor, the traic continues to conduct where 
the power, Ps, is recovered from the motor to the supply 
until supply current falls to zero at an extinction angle, γ 
approximately equals π+Φs [11] before which the gate 
pulse for the negative half cycle is applied at π+α to avoid 
asymmetrical waveform of motor voltage and current, 
(i.e. π+Φs ≈ γ < π+α) or (Φs < α). This is practically 
ensured by applying continuous gate signal from α to π. 
Therefore, the delay angle, α is controlled in the range 
between Φs (which is load dependent) at which the motor 
voltage equals the supply voltage and up to π at which 
motor voltage is zero [11]. The same applies for the 
negative half cycle. The motor equations during this 
period are the same as detailed in section (II). 

 
  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Fig. 4 Connection diagram of a IM drive supply using FCTCR 
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B. OFF-STATE OF SPEED CONTROL DRIVE 
This period continues between the extinction angle, γ, till 
the gate signal is applied at π+α during which the TRIAC 
is off and as a result the supply current, is, is zero. With 
reference to (3), this implies that: 
 csas ii =                                                 (18) 
Substituting by (1) into (18) to get: 

 qsds ii
3

1−=                                        (19) 

Then substituting by (19) into (4) and rearranging yields: 
 [ ] offoffoff vLpi 1−=                                        (20) 
where, 
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Also from (4), it is seen that: 
 drdssdssds piMpiLiRv   ++=                   (21) 
Then (5) to (9) are also valid during this OFF-STATE. 
 
C. SIMULATION AND RESULTS 
 The flow chart of the drive simulation using Euler�s 
method to solve differential equations is shown in fig. (9). 
Fig. (10) shows the effect of changing the TRIAC delay 
angle on the speed. The machine is started at high value 
of delay angle to provide soft starting. It is noted that 
when the delay angle is less than 40º, which is the 
machine load angle at this loading condition, the delay 
angle has no effect on the speed as the current is 
continuous [11]. When the delay angle is increased from 
40º to 140º, the speed reduces from 2950 rpm to 2200 
rpm (i.e.: 25%). Fig. (11) shows the instantaneous 
waveform of the supply current and voltage across phase 
ab of the machine at steady state as obtained from 
experimental rig and simulated model respectively for a 
Y-220V, 500W, 2-pole, 50Hz machine. 
  

VII. CONCLUSIONS 
 

 The performance and control of a 3-ph induction 
motor fed from a 1-ph supply via a capacitor is studied. 
The transient and steady state analysis are presented using 
a d-q model representation whose frame is chosen 
stationary. The effect of the capacitor on the steady state 
performance is discussed where the machine can run with 
minimum voltage unbalance ratio by proper choice of the 
capacitance. The FC-TCR scheme is theoretically 
analyzed and experientially applied to provide minimum 
unbalance ratio for large induction motors where acoustic 
noise is considered. The open loop control speed control 
of a fractional hp fan drive is suggested by varying the 
supply voltage using a traic. This is experimentally 
applied and theoretically investigated. 
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Fig. 9 Flow chart of speed control using a traic 

Start

Initialize ids,iqs,idr,iqr,vc,ωr, θ,Ps 

Define M/C parameters α, TL,C,Vs 

Is 
(α<θ<π) or 
(α+π<θ<2π) 

or (Ps<0) 

pioff =L-1
Off voff 

ioff=ioff+pioff*dt 
ids=-iqs/√3;pids=-piqs/√3 
vds=Rsids+Lspids+Mpidr 

vqs=(vds-2vc)/√3 

vs=(Vs)max sinθ 
vds = vs 

vqs=(vds-2vc)/√3 
pidq =L-1

dq vdq 
idq=idq+pidq*dt 

pvc=√3iqs/C 
vc=vc+pvc*dt 

is=(3ids+√3iqs)/2 
Te=(3*P*M/4)(iqrids-idriqs) 

pωr=(P/2*J)(Te-TL) 
ωr=ωr+pωr*dt 

Ps=vs*is 

is 
θ≥2π 

θ = θ- 2π  

θ = θ+ωs*dt 

Calculate phase voltages and currents and 
Print results 

1

1

 
Yes 

 
No 

 
Yes 

 
No 

(a) 

(b) 
Fig.  11 Controlled supply voltage and current using a TRIAC  

 (a) Experimental   (b) Simulated 
(upper) vas [200V/div]    (lower) ias [0.5A/div]  

(horizontal)    t [5m Sec/div] 

(b) 

Fig.  10 Effect of TRIAC firing angle on motor speed  
 (a) Experimental   (b) Simulated 
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