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Lie-group method for solving the problem of
fission product behavior in nuclear fuel
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Communicated by J. E. Muñoz Rivera
Calculation of the gas atom concentration is an important feature of all physical models of fission gas release. We apply
Lie-group method for determining symmetry reductions to the diffusion equation describing the fission gas release from
nuclear fuel. The resulting nonlinear ordinary differential equation is solved numerically using nonlinear finite difference method. Effects of the dimensionless group constant, the time, and the grain radius on the concentration diffusion
function have been studied, and the results are plotted. It is found that the concentration of gas atoms increases as the
dimensionless group constant, the power index, and the time increase, and it decreases with increase of the grain radius.
Copyright © 2013 John Wiley & Sons, Ltd.
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1. Introduction
The problem of fission gas release from nuclear fuel has been fully studied by many investigators. The majority of the previous analytical
or experimental works on fission gas release has been primarily focussed on the gas released with the change in temperature.
Hayns and Wood [1] have used two separate models to discuss gas release in a fast reactor oxide fuel element. One model was based
on the random motion and coalescence of gas atoms and bubbles within fuel grains. The second model was based on the biased
migration and coalescence of gas bubbles in a thermal gradient. They have demonstrated that the models do not provide a unique
description of the gas release, especially at low temperatures.
Mac Innes and Brearley [2] studied a model for the release of fission gas from reactor fuel undergoing transient heating. They have
incorporated this model into a description of the evolution of fission gas from irradiated fuel heated rapidly to melting at 150 K/s. They
have demonstrated that the high gas releases observed in this type of experiment are due to thermal resolution from bubbles together
with single gas atom diffusion to the grain boundaries.
Matthews and Wood [3] suggested an approach to solving the problem of diffusion flow to a spherical boundary, which uses an
approximation describing the intragranular concentrations of the diffusing species in terms of quadratic functions in two concentric
regions. They have used a variational principle to calculate the radial distribution of the concentration.
Dowling et al. [4] studied the effect of irradiation-induced resolution of fission gas release. They concluded that the numerical
calculations were insensitive to the resolution model chosen except at low temperatures where, because gas atom diffusion is very
slow, release is strongly controlled by resolution. Under such low-temperature conditions, the grain-boundary concentration increases
linearly with time.
Rest [5] presented an improved model for fission product behavior in nuclear fuel under normal and accident conditions.
Abd-el-Malek et al. [6] presented a general procedure for applying a one-parameter group transformation to the diffusion equation
describing fission gas release from nuclear fuel. Under the transformation, the partial differential equation with boundary conditions is
reduced to an ordinary differential equation with the appropriate corresponding conditions. The equation is then solved numerically
to calculate approximated value of concentration diffusion function.
In 1992, Sophocleous [7] applied the symmetries for studying radially nonlinear symmetric diffusion equations. In 2007,
Vaneeva et al. [8] applied the group analysis method to solve problems of variable coefficient reaction diffusion equations. Recently,
Vaneeva et al. [9] in 2009 applied the group analysis method and found exact solutions of variable coefficient semilinear equations with
a power source.
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In this work, Lie-group method is applied to the diffusion equation describing the fission gas release from nuclear fuel, for determining symmetry reductions of the given partial differential equation, [10–22]. The resulting nonlinear ordinary differential equation is
solved numerically using nonlinear finite difference method, and the results are plotted.
We could not get the potential symmetries of the diffusion equation describing the fission gas release from nuclear fuel because it
cannot write in conservation form. Pucci and Saccomandi [23] determined the necessary conditions for a partial differential equation
of order n in the unknown function u.x, t/ to be written in the conservation form. They stated that the partial differential equation must
be in the form
Dt A  Dx B D 0,

(1.1)

where A and B are functions in .x, t, u, u1 , u2 , ...un1 /, uk stands for the set of kth order derivatives of u.x, t/, whereas Dt and Dx are the
operators of the total derivatives with respect to t and x . Clearly, the partial differential equation can be written in the conservative
form (1.1) only if it is quasi-linear.

2. Mathematical formulation of the problem
It is necessary to calculate the loss of gas to the grain boundaries by diffusion of single gas atoms and gas bubbles in the modeling of
fission gas behavior in nuclear fuel. To simplify the problem, we assume that grains within the fuel are spherical [5]. If the only sink for
gas atoms is the boundary itself, the concentration of gas atoms within the spherical grain satisfy the equation


1 @
@ C1
@ C1
D 2
D.C1 / r2
C F , 0 < r < d, 0 < t < T,
(2.1)
@t
r @r
@r
together with the following initial and boundary conditions
(i) C1 .r, 0/ D 0, 0  r  d,
(ii) C1 .d, t/ D 0, 0  t  T,

(2.2)

@ C1
.0, t/ D 0, 0  t  T,
(iii)
@r
where C1 .r, t/ is the concentration of gas atoms, D.C1 / is the gas atoms diffusion coefficient, F is the rate of generation of the gas atoms,
d is the grain radius, and T is the time interval.
Assuming that
D.C1 / D D0 C1n ,

(2.3)

where D0 and n are constants.
The variables in (2.1) are dimensionless according to
ZD

t D0
r
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D.C1 / D D0 C n ,

(2.4)

where C0 is the maximum concentration of the gas atoms at the center.
Substitution of (2.3) and (2.4) into (2.1) yields
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where, A D C0dD0 is a constant.
The initial and boundary conditions (2.2) will be
(i) C.Z, 0/ D 0, 0  Z  1,
(ii) C.1 ,  / D 0, 0    H,
(iii)
where H D

@C
.0 ,  / D 0, 0    H,
@Z

(2.6)

T D0
is a constant.
d2

3. Solution of the problem
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At first, we derive the similarity solutions by using Lie-group method under which (2.5) and the initial and boundary conditions (2.6)
are invariant, and then we use these symmetries to determine the similarity variables.

M. B. ABD-EL-MALEK AND H. S. HASSAN
3.1. Lie point symmetries
Consider the one-parameter ."/ Lie group of infinitesimal transformations in .Z,  ; C, F/ given by
Z D Z C "  .Z,  ; C, F / C O."2 /,
 D  C " .Z,  ; C, F / C O."2 /,
C D C C "  .Z,  ; C, F / C O."2 /,
F D F C " ‰ .Z,  ; C, F/ C O."2 /,

(3.1)

where ‘"’ is a small parameter.
The partial differential equation (2.5) is said to admit a symmetry generated by the vector field
@
@
@
@
C
C
C‰ ,
@Z
@
@C
@F


if it is left invariant by the transformation .Z,  ; C, F/ ! Z,  ; C, F .
The solutions C D C.Z,  / and F D F.Z,  /, are invariant under the symmetry (3.2) if
X

(3.2)

ˆC  X .C  C.Z, // D 0, when C D C.Z, /,

(3.3)

ˆF  X .F  F.Z, // D 0, when F D F.Z, /.

(3.4)

and

Write
2 Cn
CZ  n C n1 ŒCZ 2  C n CZ Z  AF D 0,
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  C 

(3.5)

where subscripts denote partial derivatives.
A vector X given by (3.2) is said to be a Lie-point symmetry vector field for (2.5) if
X Œ2 ./ jD0 D 0,

(3.6)

where
X Œ2  
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(3.7)

is the second prolongation of X.
To calculate the prolongation of a given transformation, we need to differentiate (3.1) with respect to each of the parameters, Z and  .
To do this, we introduce the following total derivatives:
DZ  @Z C CZ @C C FZ @F C CZZ @CZ C CZ  @C C ......,
D  @ C C @C C F @F C CZ  @CZ C C @C C ...

(3.8)

Equation (3.6) gives the following partial differential equation:
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(3.9)

The components Z ,  , Z Z can be determined from the following expressions:
Z D DZ   CZ DZ   C  DZ ,
 D D   CZ D   C  D ,
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Substitution of (3.10) into (3.9) will lead to a large expression, then equating to 0 the coefficients of CZ  , CZ CZ  , F CZ  , CZ C  , and
F CZ gives
Z D C D F D C D F .

(3.11)

Substitution of (3.11) into (3.9) will remove many terms. Then, equating to 0 the coefficients of CZ , C , .CZ /2 , F , and the remaining
terms leads to the following system of determining equations:
2 Cn
2 Cn
Z  2 C n Z C C C n Z Z D 0,
    2 n C n1 Z 
2
Z
Z
C
 D .2Z   /,
n
n C n2   n C n1 C  C n C C D 0,

(3.12)

F D 0,
  A ‰ 

2 Cn
nAF
Z  C n Z Z C
C A F C  2A F Z D 0.
Z
C

Solving the system of determining equations (3.12), in view of the invariance of the initial and boundary conditions (2.6), yields
 D K1 Z ,
 D .2 K1  n K2 /  C K3 ,
 D K2 C,
D Œ.n C 1/ K2  2 K1  F.

(3.13)

The nonlinear equation (2.5) has the three-parameter Lie group of point symmetries generated by
X1 
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(3.14)

The one-parameter group generated by X1 consists of translation, whereas the remaining symmetries X2 and X3 generate scaling.
The finite transformations corresponding to the symmetries X1 , X2 , and X3 are respectively
X1 : Z D Z,

 D  C "1 ,

C D C,

F D F,

X2 : Z D e"2 Z,

 D e2 "2 ,

C D C,

F D e2 "2 F,

X3 : Z D Z,



D en "3 ,

C

D e"3 C,

F

(3.15)

D e.nC1/ "3 F,

where "1 , "2 , and "3 are the group parameters.
Table I illustrates the solutions of the invariant surface conditions for some operators of the three-parameter Lie group of point
symmetries.
As seen from Table I, the solution of the invariant surface condition (3.3) under X1 is C  C.Z/, which contradicts the boundary
conditions.
 
 
The solutions of the invariant surface conditions under X2 are C  C pZ and F  1 F pZ , which are solutions of (2.5), even


though they are not particularly interesting because they contradict the boundary conditions.
On the other hand, the solutions of the invariant surface conditions X3 are
1

C D   n g1 .˛/,

1

F D   1 n g2 .˛/,

(3.16)

where ˛ D Z is the similarity variable.
Substitution of (3.16) into (2.5) yields
.g1 /

2g
1
d ˛2

nd

2

2
1
n d g1
n1 d g1
C .g1 /
C g1 C A g2 D 0.
C n .g1 /
˛
d˛
d˛
n

(3.17)
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The last term of (3.17), which is related to generation, is called dimensionless group constant (say K). This generation term is considered
constant during steady state operation of the nuclear reactor because fission rate is constant. The fission rate is kept constant to assure
the continuous constant power release from the reactor. The change in gaseous fission release is only considered on the long run over
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Table I. Solutions of the invariant surface conditions.
Characteristic ˆ D .ˆC ; ˆF /

Generator
X1

ˆC D  C

X2

ˆC D Z CZ  2  C

ˆF D  F

,

ˆC D C C n  C ,

X3
X1 C ˇ X2

X1 C ˇ X3

Solution of the invariant surface conditions
C  C.Z/, F.Z/
 
 
C  C pZ , F  1 F pZ

ˆF D 2 F  Z FZ  2  F



ˆF D .n C 1/ F C n  F

1
n

C



F

 1 n1



g1 .˛/,
g2 .˛/, where ˛ D Z
F

1
F./
.2 ˇ C1/

ˆC D ˇ Z CZ  .2 ˇ  C 1/ C

C  C./,

ˆF D 2 ˇ F  ˇ Z FZ  .2 ˇ  C 1/ F

where  

ˆC D ˇC  .1  n ˇ / C

C  .1  n ˇ /

ˆF D .1 C n/ ˇF  .1  n ˇ / F

F  .1  n ˇ /1 n F.Z/

ˆC D ˇC  Z CZ  .2  n ˇ/  C

C  . / 2n ˇ C.1 /

ˆF D ..n C 1/ˇ  2/ F  Z FZ  .2  n ˇ/  F

F  . /1 2n ˇ F.1 /

p

Z
2 ˇ C1
 n1

C.Z/
1

ˇ

X 2 C ˇ X3

ˇ

1

where 1  Z   2n ˇ


X1 C ˇ X2

ˆC D C  ˇ Z CZ  .1 C .2ˇ  n // C

C  .1 C .2 ˇ  n /  / 2 ˇn  C.2 /

ˆF D ..1 C n/  2 ˇ/ F  ˇ Z FZ  .1 C .2ˇ  n // F

F  .1 C .2 ˇ  n /  /1 2 ˇn  F.2 /



C X3

ˇ

where, 2  Z .1 C .2 ˇ  n /  / 2 ˇn 

the lifetime of fission fuel in the reactor. Because ‘F’ is the total generation per unit volume and the mass flux is equal to
per unit area), then the last term in (3.17) can be written as
4
3
C0
4
D
0
3
d

d2 F

d
d2

D C0
d

(mass flow

 total gas generation / leakage D K.

Hence, (3.17) will be
.g1 /n

2

d2 g1
2
1
n d g1
n1 d g1
.g
C
n
.g
C
/
/
C g1 C K D 0.
1
1
d ˛2
˛
d˛
d˛
n

(3.18)

For (3.16),for the initial and boundary conditions (2.6) to be satisfied, the value of index ‘n’ must be negative. Under the similarity
variable ‘˛’, the initial and boundary conditions (2.6) will be
(i)g1 .1/ D 0,

(ii)

d g1 .0/
D 0.
d˛

(3.19)

The second order differential equation (3.18) and the conditions (3.19) are the same obtained by Abd-el-Malek et al. [6] when n D 1.
The general solutions of the invariant surface conditions under X1 C ˇ X2 are
C  C./,
where  

p

Z
2 ˇ C1

F

1
F./,
.2 ˇ  C 1/

(3.20)

is the similarity variable, which does not satisfy the initial condition (2.6i).

For X1 C ˇ X3 , the general solutions of the invariant surface conditions are
1

C  .1  n ˇ  / n C.Z/,

1

F  .1  n ˇ /1 n F.Z/.

(3.21)

Equation (3.21) is a solution of (2.5), even though it is not a particularly interesting one because it contradicts the initial condition (2.6i).
For X2 C ˇ X3 , the general solutions of the invariant surface conditions are
ˇ

C  ./ 2n ˇ C.1 /,

ˇ

F  . /1 2n ˇ F.1 /,

(3.22)

1

where 1  Z   2n ˇ is the similarity variable, which does not satisfy the initial condition (2.6i).
For X1 C ˇ X2 C X3 , the general solutions of the invariant surface conditions are


C  .1 C .2 ˇ  n /  / 2 ˇn  C.2 /,



F  .1 C .2 ˇ  n /  /1 2 ˇn  F.2 /,

(3.23)

ˇ
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where 2  Z .1 C .2 ˇ  n /  / 2 ˇn  is the similarity variable, which does not satisfy the initial condition (2.6i).
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Math. Meth. Appl. Sci. 2014, 37 420–427

M. B. ABD-EL-MALEK AND H. S. HASSAN

4. Numerical solution
The ordinary differential equation (3.18) with the appropriate corresponding conditions (3.19) is solved numerically using nonlinear
finite difference method applied to the nonlinear second order boundary value problem.
4.1. Study on the effect of the dimensionless group constant K
Figure 1 illustrates the behavior of the concentration of gas atoms C.Z, / for different values of the dimensionless group constant K at
n D 1 and  D 4. As seen, the concentration increases as the constant K increases. The dimensionless group constant K is usually less
than or equal to unity. If it is higher than unity, this means that the generation exceeds leakage, which accumulates the gas inside the
grain, forming a pressure on the grain, leading to fractures in the grain and leakage of the gas.
4.2. Study on the effect of the time 
Figure 2 illustrates the behavior of the concentration of gas atoms C.Z, / for different values of time  at n D 1 and K D 1.0. As seen,
the concentration increases as the time increases.
4.3. Study on the effect of the grain radius
Figure 3 illustrates the behavior of the concentration of gas atoms C.Z, / for different values of the grain radius at n D 1 and K D 0.01.
As seen, the concentration decreases as the grain radius increases.
4.4. Study on the effect of the index n
Figure 4 illustrates the behavior of the concentration of gas atoms C.Z, / for different values of the index n at  D 4 and K D 0.01. As
seen, the concentration increases as the index n increases.
Figure 5 illustrates the maximum concentration of gas atoms C.Z, / for different values of the index n at  D 4 and K D 0.01.

Figure 1. Concentration of gas atoms profiles for different values of the group constant K at n D 1 and  D 4.

Copyright © 2013 John Wiley & Sons, Ltd.
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Figure 2. Concentration of gas atoms profiles for different values of time  at n D 1 and K D 1.0.
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Figure 3. Concentration of gas atoms profiles for different grain radius at n D 1 and K D 0.01.

Figure 4. Concentration of gas atoms profiles for different values of ‘n’ at  D 4 and K D 0.01.

Figure 5. Maximum concentration of gas atoms profiles for different values of ‘n’ at  D 4 and K D 0.01.

5. Results and discussion

426

Lie-group method is applicable to both linear and nonlinear partial differential equations, which yields similarity variables that may
be used to reduce the number of independent variables in partial differential equations. By determining the transformation group
under which the given partial differential equation is invariant, we can obtain information about the invariants and symmetries of that
equation. This information can be used to determine similarity variables that will reduce the number of independent variables in the
system. In this paper, we have used Lie-symmetry techniques to obtain similarity reductions of a nonlinear gas diffusion equation in
nuclear fission (2.1) with the assumption that D.C/ D D0 C n . By determining the transformation group under which the given partial
Copyright © 2013 John Wiley & Sons, Ltd.
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differential equation is invariant, we obtained information about the invariants and symmetries of that equation. This information,
in turn, is used to determine similarity variables that reduced the number of independent variables by one. The ordinary differential
equation (3.18) with the appropriate corresponding conditions (3.19) is solved numerically using nonlinear finite difference method for
different values of the index n, the dimensionless group constant K , the time , and the grain radius. By comparing our results with
those obtained by Abd-el-Malek et al. [6] for n D 1, they were found in complete agreement.
Lie-group method is more general than any other group methods that start out with an assumed form of a group that limits the
generality of the results. We concluded that after doing a comparison between Lie-group method applied in this work and the transformation group theoretic method applied by Abd-el-Malek et al. [6]. As seen, the solution obtained from transformation group theoretic
method is one of the solutions obtained by applying Lie-group method to the same partial differential equation.
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